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Similarity Analysis for the Surface Ablation of
Silica-Reinforced Composites

CHIA-LUNG HSIEH* AND J. D. SEADER|
University of Utah, Salt Lake City, Utah

The ablation mechanism of a silica-reinforced composite is approximated as a problem involving a two-phase
laminar boundary-layer melt flow with heterogeneous chemical reaction. A model of mixture flow is used to
simplify the governing equations, which are converted into a set of ordinary differential equations via similarity
transforms. The technique of quasilinearization is utilized to attack this coupled boundary-value problem. It
is found that this numerical procedure can converge rapidly to the true solution, if the dimensionless variables
and the boundary conditions are properly defined. This is achieved by analyzing the physical nature of the
ablation mechanism and the stability and convergence characteristics of the governing equations. The strategy
of matching the interface conditions of the molten layer and the gas-boundary layer is also developed, after the
solution of the gas boundary-layer flow is analyzed.

Nomenclature

B = dimensionless void fraction

Cp = specific heat, cal/gm°K
E = activation energy, cal/mole
/ = dimensionless stream function
h — specific enthalpy, cal/gm
#eff> Hf

Hp, HR = heats of ablation, fusion, pyrolysis, reaction, cal/gm
j = volumetric average velocity of the two-phase flow,

cm/sec
K = thermal conductivity, cal/sec cm°K
Ke = effective thermal conductivity of the molten layer,

cal/sec cm°K
KR = reaction rate constant, gm/cm2 sec
riia — ablation rate, or rate of formation of char, gm/sec cm2

riii — mass transfer rate at the molten layer interface, gm/sec
cm2

rhp = rate of pyrolysis, gm/sec cm2

riiR = rate of carbon-silica reaction, gm/sec cm2

M = ratio of molecular weight of gas-phase to air
n = exponential coefficient of viscosity
p = pressure, atm
Pr = Prandtl number
q — heat transfer rate, cal/cm2 sec
qc = conductive heat transfer rate, cal/cm2 sec
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qs = heat transfer rate to the non-ablative surface, cal/cm2

sec.
r = body dimension measured normal to the axis of revolu-

tion, cm
R = gas constant, 1.987 cal/g-mole °K
Rb = radius of the blunt body, cm
T = temperature, °K
Tr = reference temperature, °K
AT = rf - T0, °K
u = velocity component in the x-direction, cm/sec
ue = velocity at the edge of the gas boundary-layer, cm/

sec/
ugj = drift velocity of the gas-phase in the jc-direction,

cm/sec
v = velocity component in the jy-direction, cm/sec
vgj = drift velocity of the gas-phase in the ̂ -direction, cm/sec
w = mass fraction of the pyrolysis gases
x = coordinate parallel to the body surface, cm
y = coordinate normal to the body surface, cm
jg = volume fraction of the liquid phase, (1 — <f>)
e = geometric constant
T] = dimensionless ^-coordinate
6 = dimensionless temperature
ft = viscosity, gm/cm sec
p^ = apparent viscosity of gas-liquid mixture, gm/cm sec
JJL* = dimensionless apparent viscosity
p = density, gm/cm3

s = dimensionless Jt-coordinate
r = shear stress, dyne/cm2

(^ = void fraction of the gas-phase
0 = stream function, also coefficient of blocking effect

Subscripts
G = gas-phase of the molten layer
i = gas-liquid interface
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L = liquid-phase of the molten layer
o = liquid-char interface
r = reference temperature
s = stagnation point of the blunt body
w =char
x = component in the jc-direction
y = component in the ̂ -direction

Introduction

the early development of ablation theory, the tech-
of similarity transforms1-3 has been considered the

most accurate method of solution. In this study, a systematic
procedure was developed for obtaining a more complete solu-
tion of the ablation mechanism of silica-reinforced composites
than previously reported.

The ablation mechanism of phenolic-silica composites is
analyzed here. Figure 1 is a schematic diagram of the
assumed ablation mechanism. When such an ablative
material is subjected to high heat flux, the phenolic resin
within the composite will at first pyrolyze. As the pyrolysis
proceeds, the decomposition zone will recess and penetrate
into the interior of the material. The products of the pyroly-
sis are a mixture of gases and a residual char layer of mainly
carbon and silica. If the heat flux is very large, the silica
fiber within the char will eventually melt and form a liquid
film covering the surface of the char. The pyrolysis gases will
then percolate through the char and then bubble through the
molten layer. In this process, complex post-pyrolytic chemi-
cal reactions may also take place. Near the surface of the
molten layer, heterogeneous carbon-silica reactions may occur.
In addition, molten silica may be subject to vaporization.

Governing Equations

It was found that the above mechanism can be best charac-
terized by a two-phase laminar boundary-layer flow with
heterogeneous chemical reactions taking place at both bound-
aries of the molten layer. The governing equations which
represent this mechanism are4

a) Continuity Equation of Liquid

(1)

d) Void Propagation Equation5

dx

b) Momentum Equations

dy

* , UL P ̂  * r>\— + , t _ = - _ + - _ (2)

(3)

c) Energy Equation

GAS BOUNDARY LAYER

CARBON-SILICA
REACTIONS

MOLTEN LAYER

Y\
CHAR/

PYROLYSIS ZONE

where

jy = (1 —

UgJ = UG —

Vgj = VG —

(6)
(7)

(8)
(9)

The coordinate system for the above equations is shown in
Fig. 2. The *-axis is the interface between the molten layer
and the gas boundary layer. The j-axis is perpendicular to
the x-axis.

In the above equations, //,m and Ke represent the apparent
viscosity and the effective thermal conductivity of the molten
layer, respectively. These two quantities can be estimated by
the following relations4

(10)

(11)
where — 1.0<K<2.5. The boundary conditions for the
above equations are
at y = 0: VL = vh -nJ&jxIty) = rt and T= Tt

and at y -> — oo : UL = 0, T=T09 <f> = </><>
It should be noted that the previous investigators2'3

assigned quantitative values to the boundary conditions at
y = 0. In fact, in any ablation process, these values are all
unknown and can only be obtained through a matching
of the interface conditions between the molten layer and the
gas boundary layer. In this analysis the latter approach was
adopted.

Model of Mixture Flow

Two gas-bubble drag equations were required to complete
the above set of governing equations.6 However, instead of
obtaining the analytical solution to these two equations,
mathematical models can be postulated, and the drift velocities
of the gas bubbles can be regarded as parameters. In this
study, the model of mixture flow7 was utilized. Solutions for
other mathematical models could be obtained by following
the same procedure of this study.

INVISCID
FLOW

Fig. 1 Ablation mechanism of reinforced composites. Fig. 2 Coordinate system for axisymmetric bodies.
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According to the model of mixture flow, it is assumed that,
within the molten layer, the distribution of suspended gas
bubbles may not be homogeneous. But, the drift velocities of
any gas bubble, relative to the surrounding liquid, are zero.
Consequently, the governing equations were simplified to
a) Continuity of Liquid Phase

-4- • 8y
(12)

b) Momentum Equation

\" 3* V~8y) ~ ~ 'fa ~8y \m 8y

c) Energy Equation

d) Void-propagation Equation
<»>

+• <15>

In a similar manner, the boundary conditions were expressed
in terms of the transformed variables. First the relations
between the physical variables and the transformed variables
were determined4 as

J P

f = U/Ue,

o = r/rr,
y.p

and

Then the boundary conditions were transformed to give
at 7? - 0, 0 =

where ]8 = 1 — <

(27)

(28)

(29)

(30)

(31)

(32)

(33)

Similarity Transforms and Linearization

By the technique of separation of variables8, the above
governing equations were converted into a set of ordinary
differential equations by using the following similarity trans-
forms4

(34)

edx

and
T=Tre

(16)

(17)

(18)

(19)

(20)
(21)
(22)

(23)
In the above relations, 1 and •»; are the transformed coordina-
tes; while/, 0, and B are transformed dependent variables.

Application of the above similarity transforms to the
governing equations resulted in the following:
a) Momentum Equation

Bff" - ~ ~ = 0\ueds

b) Energy Equation

c) Void Propagation Equation

#-)?-•

(24)

(25)

(26)

where /** = /Am//*r, #* === Ke/KL, andPrL is the Prandtl Number
of the liquid phase at the reference temperature, Tr.

and at , B = 1 ; f = 0; 0 = T0/Tr

One of the most powerful techniques for solving Eq. (24)-
26 is the recent quasilinearization method.9 In applying this
technique, an initial solution to the problem is first assumed
and utilized to linearize the governing equations. The
resulting equations represent a linear boundary-value problem
which can be solved by classical numerical methods. An
iteration approach is used to secure the converged and
approximate answer to the problem. The details of the
method as applied to the ablation problem described here are
given by Hsieh.4

Stability and Convergence

Although the method of similarity transformation has been
used extensively in studying the ablation process,1"3 the
stability and the convergence of the numerical solution of the
transformed equations has not been shown previously. A
serious error and inconsistent solution may result if the
transformed variables and the boundary conditions are not
chosen properly. In order to obtain a more accurate solution
and a better algorithmic procedure, the stability and con-
vergence of the transformed equations were considered in this
study. The details are given by Hsieh.4 The results may be
summarized as follows: 1) it was found that the use of
T(— oo) = To as a boundary condition for the energy equation
permitted a satisfactory solution while the use of #'(— °o) = 0
did not; 2) the use of 0 defined as T/Tr rather than as (T — T0)l
(Tr — To) avoided instability problems with the finite-difference
form of the momentum equation; and 3) it was necessary to
restrict solutions to a relatively small value for the product
(pelpL)0(fy to insure stability.

Matching and Interface Conditions

The complete solution of an ablation process cannot be
obtained unless the interface conditions between the gas
boundary layer and the molten layer are matched. The first
step in matching interface conditions is to select the appro-
priate solution for the gas boundary layer. During the past
decade, a great number of papers dealing with the gas
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boundary flow at the stagnation point of a blunt body were
published.10'11 For this particular application, the correla-
tion equations presented by Bethe and Adams12 are most
suitable. Accordingly, the interface energy and shear stress
transport are approximated by

qi == q = 0.7 p*.

and

where
(A,

= 1.0 - 0.68 M°'26(hs - hi)milqs

(35)

(36)

The interface mass-transfer rate is the result of pyrolysis of
resin, vaporization of silica, and the post-pyrolytic chemical
reactions between carbon and silica. If the weight fraction of
the ablative material converted into pyrolysis gases is w, the
propagation of the void fraction is one-dimensional, and
pyrolysis is at equilibrium, then the mass-transfer rate due
to the pyrolysis can be related to the ablation rate, ma, as

mp = 1-w tna = 1 —w
(37)

With an excess of silica, the overall post-pyrolytic reactiorj
between carbon and silica can be represented as 4j 13~17

SiO2' + C -» SiO^> + CO (38)

In utilizing this equation, it was assumed that the overall
reaction could be considered as occurring near or at the surface
of the molten layer. Also, the reactions were assumed to be
controlled kinetically. The reaction rate was expressed as

mR=KRe-E'RT (39)

Neglecting the rate of silica vaporization, the total interface
mass transfer is then

and the interface velocity of the liquid-phase is

mR KR _ _ E / R T

(40)

(41)

Another relation which is required for matching the inter-
face conditions is the overall energy balance across the molten
layer. In this analysis, it was plausible to consider that all the
energy transferred to the surface of the molten layer was
absorbed by the ablative material as sensible heat of the gas or
liquid, the heat of the pyrolysis of the plastic, the heat of
melting, and the heat of the carbon-silica reactions. The
mathematical expression of this mechanism is

t = mp(CpG ) + ma(CpL Hf) + mRHR

(42)

where &T= Tt — T0 and it is assumed that all the ablating
material reaches the interface temperature.

Because the solution of the numerical procedure can not be
presented in explicit form, matching of the interface conditions
was achieved by an iterative procedure. With assumed
values for Tt and iff, all the boundary conditions could be
evaluated. Therefore, these two variables were chosen as
parameters for the iteration. Since most of the physical
values depended very strongly on Ti9- it was used as the outside
loop of the iteration. The value of «/f had a relatively in-
significant influence on the solution and a converged value of
«A could be obtained in two to three iterations. The details of
the iterative procedure are given by Hsieh.4

- 20
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Fig. 3 Heat of ablation at different stagnation enthalpies and void
fractions.

After a converged solution was obtained, the heat of abla-
tion was determined by the following relation

= qs(ma +

Results and Discussion

(43)

Numerical calculations based upon the procedure of this
analysis were performed using a Univac 1 108 digital computer
for the surface ablation at the stagnation point of a blunt
body. The distribution of the void fraction was assumed to
be homogeneous.4 The quasilinearization procedure was
used to solve the resulting equations.4 The numerical values
of the physical properties and the environmental conditions
used for the calculations were identical to those used by Hsieh
and Seader17 except that a value of 1.8 x 10~4 gm/cm3 was
used for the stagnation gas density. For each solution, ten
different values of the interface temperature were chosen to
cover an interval from 1650°K to 1950°K. The number of
iterations extended from 3 at low interface temperatures up to
63 at higher interface temperatures. The computation time
for all solutions was about 18 min.

The general properties of the solutions can be best charac-
terized by Figs. 3-5. In Fig. 3, one can see that the heat of
ablation increases as the stagnation enthalpy increases. This
is due to the increase of the sensible heat of the molten layer,
of the endothermic post-pyrolitic reactions, and the blocking
effect caused by interface mass transfer. The heat of ablation
increases when gas bubbles are present within the molten
layer. This is especially true if the coefficient of the apparent
viscosity is at the upper limit. Also the effect of the void
fraction becomes more significant as the stagnation enthalpy
increases.

Fig. 4

1000 2000 30004000 5000 6000 /000 8000 9000 OOOO.IIOOO
STAGNATION ENTHALPY, Hs, CAL/GM

Ablation rate at different stagnation enthalpies and void
fractions.
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Fig. 5 Interface temperature at different stagnation enthalpies and
void fractions.

Fig. 7 Profile of the dimensionless velocity at various interface
temperatures.

The ablation rate increases with increasing stagnation
enthalpy as shown in Fig. 4. Because of the rapid endo thermic
reactions and the highly effective blocking action at higher
interface temperatures, the increase in ablation rate is rela-
tively slower at the higher stagnation enthalpies. The effec-
tiveness of the ablative material increases as the void fraction is
increased to 0.1.

As expected, the interface temperature increases when the
stagnation enthalpy increases, as shown in Fig. 5. Due to
the exponential dependence of the reaction rate on the inter-
face temperature, it eventually reaches a nearly constant value
at large values of the stagnation enthalpy.

The general characteristics of the similarity-transform solu-
tion represented by Figs. 3-5 are in good agreement with the
results obtained by the integration method.17 Besides illus-
trating the solution of a specific ablation process, the numerical
calculation presented here can also be applied to isolate and
analyze the effect of each individual physical property on the
overall performance of the ablative material. A detailed pro-
cedure for the perturbation method used is available.4 Only
some results are presented and discussed here.

From Figs. 6-8, it is seen that the distributions of /O?),
/'0?X and/"07) reach their asymptotic values within a short
dimensionless depth, T?. This interval in the 7^-axis represents
the thickness of the molten layer. In this study the profile of
the temperature and the temperature gradient do not reach the
asymptotic values within the range of the calculation. That is,
the thickness of the thermal layer is much larger than that of
the molten layer.

The rapid changes of the profiles of the axial velocity and its
gradient at the high temperatures can be seen in Fig. 7 and 8.
This tendency accounts for the unstable numerical calculation

Tj = |900 K

T; - \ 850 °K

Tj-|800 K

T;=I750 K

Tj = l7000K

Tj=l650 K

10

Fig. 6 Profile of the dimensionless stream function at various
interface temperatures.

Fig. 8 Profile of the dimensionless velocity gradient.

at high temperatures. Note should be taken of the fact that
neither the shear stress nor the momentum flux are propor-
tional to the variation of /"(??). However, the shear stress at
any position can be calculated from Eq. (28) after replacing rt
with T.

Figs. 9 and 10 illustrate the dimensionless temperature
profile and its gradient. Note that the value of 9f(rf) is pro-
portional to the conductive heat transfer rate. Thus, 6'(Q)
represents the conductive energy transfer at the interface.
One interesting consequence of this fact is that the amount of
energy transferred through the molten layer can be determined
from Fig. 10. For example, for an interface temperature
within the range of 1800°K to 1900°K, the value of 0'0?) at
the point where /'O?) approaches zero is only about seventy to
eighty % of its value at the interface. Also, it is seen that the
value of 9'(rj) can only approach zero if the value of 17 is of the
order of —100. The computation time to achieve this
purpose would be extremely large and extravagant. The
advantage of the algorithm developed in this analysis is,
therefore, verified.

0.0

10 20 25

Fig. 9 Profile of the dimensionless temperature.
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= I900°K
0.0

5 10 15 .EO 25

Fig. 10 Profile of the dimensionless temperature gradient.

Conclusion

Similarity transforms were used for solving the ablation
process of silica-reinforced composites. With proper selec-
tion of the boundary conditions and the transformed variables,
the technique of quasilinearization was utilized to obtain the
solution of the transformed equations. The strategy of
matching the interface conditions was also developed. By
following the procedure, one can obtain the complete solution
of an ablation process routinely. By analyzing the stability
and convergence character of the numerical procedure, it was
shown that this technique not only converges rapidly, but also
yields a consistent and accurate solution.
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